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1. INTRODUCTION 
In this note exterior boundary value problems for the equation of Generalized 
Biaxially Symmetric Potential Theory (GBASPT) 
L[u] = L,,,[u] = i u,,“i + * - u,,_l + -c uzn = 0 (1.1) 
i=l G-1 
“v, 
are considered, where* and CJ are real constants. Exterior Dirichlet and Neumanra 
problems will be considered as well as an interior Neumann problem. The 
coefficients of (1.1) are singular for x,-i = 0 or X, = 0. For p = 0, Eq. (1 .l) 
reduces to Weinstein’s Generalized Axially Symmetric Potential Theory 
(GASPT) (see Weinstein [l-3] and the book Gilbert [4] for further references). 
For existence and uniqueness theorems for the interior Dirichlet problem for 
Eq. (1.1) see Ref. [5]. 
Recent papers which are closely related to the results obtained herein are 
[6-81. However, in [6], restrictions on the coefficients p and q are that 
--I < p < 0, 0 < q < 1 and only interior problems are considered; in [7]+ 
0 < q < 1 and p = 2 - q for interior problems; and in [S], only the ernerior 
of a circle was considered. In contrast with these results, both interior and 
exterior problems will be solved in regions with general boundaries, and p and CJ 
will be permitted to be arbitrary positive real constants. 
For the remainder of this note Q will denote the quarter space 
Q = {x = (xl ,..., x,): x,ml > 0, x,, > 01, 
Gi will be a regular [9, pp. 100, 1131 b ounded region in R, and G and r will be 
the region and boundary defined by G = Gi n Q an.d r = aG1 n Q, respec- 
tively. The symbol &S’ denotes the boundary of a set S; while the closure of a set 
S will be denoted by s. It is assumed that G” = Q - e is connected and that 
Gi contains the origin. 
*Accomplished in part while at the Aerospace Research Laboratories, Wright- 
Patterson AFB. 
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2. BOUNDaRY I'ALUE PROBLEMS 
The boundary value problems to be solved are stated as the following two 
theorems and corollary. 
THEOREM N. E. Let p > 0 and q > 0. There is one and oni’y one f&ction 
II belonging to P(G”) n Cl(G” - P) n CO(@) satisfy$g 
(1) u is analytic in G@ andsatisjes L[u] = 0 in G”, 
(2) (aupv), = g on r, 
(3) lim,, U(X) = 0 
where g belongs to C”(r). 
The function p is deJined by 
(2.1) 
THEOREM D. E. Suppose f belongs to C’(r) and that 
hilo p(xnpl; p) p(xn; q) f (x) = 0 for .x E r, x0 E P n aQ. 
Then for p 3 1 and q 3 1, there is one and only one solution u of the problem 
(1) u is analytic in Ge and satisfies L[u] = 0 there, 
(2) limz+sO U(X) = f (x0) h w eye x belongs to GE and x0 belongs to I’, 
(3) lim,,, I x: I q+lx, ‘-’ “-‘u(x) = 0 for some positive real number 01, 
(4) limz+2o p (x.+~; p) o(xn; q) u(x) = 0 for x belonging to Ge and x0 belong& 
t0 G n aQ. 
COROLLARY N. I. A necessary andsu.cient condition that the interior Neumann 
problem 
(1) u belongs to C2(G) n cl(e - p) n O(G)>, 
(2) u is analytic in G and satisfies L[u] = 0 there, 
(3) (au/avji =g on r 
has a solution is that 
s 
s;mlxnqg(x) dS, = 0. 
r 
Key tools in the proof of these results are a new strong maximum principle 
and new boundary point principles as well as several new uniqueness theorems 
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resulting from these principles. These results are stated in the Appendix. For 
complete proofs see [5]. 
Potential theoretic methods will be employed in the proofs of these theorems. 
A fundamental solution in the large of (1.1) with pole a.t E is given by (see [lo]) 
qx, c$) f QPf + P + 4 - 21) ,y- ( 4 
77”TP/2) m/2) 
n 176 
?7 ?i x ss a2+--P--4 sinp-l 8, sing-’ & d8, de2 0 0 
where 
0 = [I s - [ j2 + 4~,-~(~-~ sin2(6,/2) + 4x,(, sin”(02/2)]1/“. 
In the proofs of the results in the Appendix it is required that r belong to a 
class of surfaces A* defined as follows: 
(1) F is said to belong to /F”I if I’is a Lyapunov surface (see, e.g., [l 1, 121). 
(2) I’is said to belong to A$” if there exists a positive constant M such that 
for N on r and for v = (I+ ,..., v,) the exterior normal to F at x, we have 
for o < N,-~ < d and 
for o < E, < d, where d denotes the radius of a uniform Lyapunov sphere. 
These conditions require that .F meet the singular hyperplanes orthogonally. As 
was stated in [5], the need for this restriction is probably due to the potential 
theoretic methods employed; a similiar restriction was used by Talenti [13] (see 
also [12, p. 2021). 
(3) F is said to belong to A* if, in addition to the above, for each point 3~’ 
on fi n SQ it is possible to construct a sphere which intersects r only at x and 
which has its center on the exterior normal at X. 
Unless stated otherwise, r will be required to belong to A*. 
3. INTEGRAL EQUATION RESULTS 
Before the main results are proved, the following two lemmas, which are 
central in proofs of the theorems, will be considered. 
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LEMMA 1. The integral equation 
has a unique solution p belonging to L,(r) f OY each function g belonging to L,(r). 
Proof. By Lemma A.l, the integral operator of (3.1) has a weakly singular 
kernel and hence is a compact operator on L,(r). Therefore, as a consequence 
of the Fredholm alternative theorem, (3.1) will have a solution for each right- 
hand side g which is orthogonal to all solutions of the homogeneous adjoint 
equation. But the homogeneous adjoint equation and the homogeneous equation 
have the same number of nontrivial solutions, and by Lemma A.4, the only 
solution of (3.2) belonging to L,(r) is the trivial solution. Hence the only solution 
of the homogeneous adjoint equation is the trivial solution. Thus, for every given 
g in L,(r) there is a unique p in L,(r) satisfying Eq. (3.1). 
LEMMA 2. There is only one nontridal solution of the hottwgeneous equation 
-TV&> + j-r5L5z%,(~) e (x, E) ds, = 0. (3.3) 
Proof. Suppose that (3.3) h as two nontrivial solutions pLL1 and pLz . Then 
define VI and V, by 
Hence (see Lemma A.3 for the definition of the ( )i and ( )e notation) 
L[V,] = 0 and L[VJ = 0 in G, 
and since pL1 and pi? satisfy (3.3) 
0 and 
av, 
( ) 
__ =() 
av ,i on r 
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By the Strong ?Maximum Principle (Lemma A.5) and the Boundary Point 
Principle (Lemma A.6), 
and 
V, = C, in G 
Vi = C, in G, 
where C, and C, are constants. 
That C, is not zero is seen by the following argument. Suppose C, is zero. 
Then V, is identically equal to zero in G; in particular Vr vanishes identically on 
fi. Hence 
(I) -WI1 = 0, in Ge, 
(2) v, = 0, on F, 
(3) lim;,i,, VI = 0. 
By the strong maximum principle, VI is identically zero in G” so (aVr/&), = 0 
and hence 
Now subtracting Eq. (3.3) (of course with pO replaced by pr) from this equation 
yields that p1 is identically zero, a contradiction. Hence C, is not zero. 
If the density TV is defined by p(x) = C&(X) - C&&j, then the function p’ 
defined by 
is identically zero in G. Therefore p is identically zero and pCe = (C,jC&, i 
completing the proof of the lemma. 
4. PROOFS OF THE THEOREMS 
Proof of Theorem N. E. The uniqueness is established by Lemma -4.7. For 
existence consider the single layer potential 
where the density p satisfies the integral equation 
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Now by Lemma 1, Eq. (4.2) h as a unique solution u for eachg belonging to&(r). 
Hence by Lemma A.3,zd satisfies property (2) of Theorem N. E. 
Because ,!? is a fundamental solution of L with pole X, U belongs to C2(Ge) n 
Cl(G” - F) n Co(G) and satisfies L[U] = 0 in G”. That U is analytic in Ge 
results from theory of elliptic equations with analytic coefficients [17]. 
And finally, by inspection, U satisfies conclusion (3) of Theorem N. E. 
Proof of Tlzeorem D. E. Consider the modified double layer potential 
W(t) = S, a&xnqp(x) g (f, x) dSz + ar', (4.3) 
where y = 2 - n - p - q, p2 = JYTi2 (ti - xi)2 + (i-r + en2, and p satisfies 
the integral equation (where x~-+~~~~(x) belongs to L2(.ZJ) 
my - Mt> + Jr 4-,x,4&) g (t, 4 d& = f (5). (4.4) 
Because I? is a fundamental solution of L[UJ = 0 and by the choice of y, W 
automatically satisfies the first conclusion of Theorem D. E. 
To verify that W satisfies conclusion (2), one needs merely to cite Lemma A.2. 
Therefore the correctness of conclusion (2) rests on the existence of a solution 
p of Eq. (4.4). Since f may not belong to LB(r), Eq. (4.4) is multiplied by 
fz-rt*q, yielding 
-&@) + s, ELE,‘%) $ (t’, 4 ds, = g(S), (4.5) 
where W(X) = x~-~x~~~(x) and g(x) = x~-lx,nq(f (x) - ary). The homogeneous 
adjoint equation to (4.5) is Eq. (3.3). By L emma 2, there is only one solution w0 
of Eq. (3.3). Hence, by the Fredholm Alternative Theorem, a necessary and 
sufficient condition that (4.5) has a solution is that 
s 
r w,(x) g(x) d& = 0, (4.6) 
or equivalently, that 
s x~-lx,qco,(x) f (x) dS, = a Ir x~-~x,“~~(x) yydSz (4.7) r 
Therefore, with the number “a” defined by Eq. (4.7), the modified double layer 
potential W satisfies the boundary condition, (2). 
For R = 1 x - E 1 bounded away from zero (i.e., R > 2 diam(G), it is shown, 
in a manner analogous to the proofs of Lemma A.l, that 
1 W 1 < MR1-+-p--q, 
which verifies conclusion (3) of the theorem. 
(4.8) 
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To verify conclusion (4), the operator K and the function j? are defined by 
and 
jqt; A) = t-l, A > 1: 
= @(log Q-1, .A = 1. 
Then it suffices to prove that 
$fi(L,; P) B(E,; 4) K[wl(E) = 0; f E G”, P E ~2 n aQ> 
the limit being uniform in 5” belonging to any compact subset of @. 
Now from [5] it is known that w is continuous on T and that 
(4.9) 
pp(Ll; P) p^(L2; 4) 45) = 0 for tErand E”EP~ 8Q. (4.10) 
Equation (4.9) will be verified for the case p > 1, 4 > 1 with the remaining 
cases needing only slight modifications. From Eq. (4.10) it is seen that for a 
given E > 0 there exists a positive 6 such that 
w(x) < EN,-1X, for x,-r < 6 or X, < 6. 
Hence, considering r decomposed into two parts according to the criterion 
x,-r > 8 and X, > 6 and its complement yields 
+ MS-9-q~;-l~~~ 1 i&x,” j +- E(x, 5) / dS, 
r VX 
which establishes (4.9) and hence property (4) of the theorem. 
The uniqueness follows from an argument of Huber [4] for GASPT adapted to 
GBASPT in [15] and [5] for interior problems and now modified slightly for 
exterior problems as follows. 
Let a1 and ua be two solutions of (1 .l) which satisfy conditions (Z), (3), and (4) 
of Theorem D. E. Let x0 be a point in G@ for which q(2) # zlg(xo), and without 
loss of generality 
U&“) - u&P) = D > 0. (4.11) 
Inthecasep=l,q=l,R>]x”[ischosensothat 
/ ui 1 log(eR/x;,-,) log(eR,‘~,‘) < D/S onr~fori = 1,2, (4.12) 
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where TX = {X E g: 1 x / = R} and e is the positive number for which log(e) = 1. 
Equation (4.12) follows from conclusion (3) and the fact that 
JiE R--LY log(R) = 0 
for any positive number DI. 
Now, for 0 < t < R, let the positive function h be defined by 
h(t; A) = tl-“, A > 1, 
= log(eR/t), x = 1, 
and let the positive quantity ,B be defined by the expression 
,&i(~;-~; p) h(x,‘; q) = D/2. (4.13) 
Then in the case p = 1, 4 = 1, Eq. (4.12) yields that 
I %(4 < PI4 forxonI’,andi= 1,2 (4.14) 
which, since x,.-r < R and x”, < R on r, , yields 
I % I < P4%-1; PI 4% d/4 forxonr,andi--2 1?2. (4.15) 
In the case p > 1, q > 1, Eq. (4.15) follows directly from conclusion (3) for R 
sufficiently large and fixed, while the mixed cases p = 1, q > 1, and p > 1, 
q = 1 are a modification of the case p = 1, q = 1. 
Thus, for all p > 1 and q > 1, Eq. (4.15) holds for /3 defined by Eq. (4.13). 
Hence the function z,L defined by 
z&!) = ul(x) - up(x) - @(x,-l; p) &CR; q) 
is a solution of (1.1) in G,” = Ge n (- Y: x.+1 > 6) n ix: x, > S} n {x: 1 x / CR), 
and moreover is nonpositive on the boundary of G,e for sufficiently small 6, 
(6 < min(&/2, zn”/2)). H ence by the maximum principle of Hopf, JI is 
nonpositive on the closure of Ge. In particular, 
t)(p) == u@) - U2(N”) - pz(“r.:-l; p) h(x,“; q) < 0. 
Therefore, 
a contradiction, and uniqueness is proved. 
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Renmk. To see that Jr x~-~x,%,(x)PY dS, f 0 in Eq. (4.7), consider the 
single layer 
u(t) = j &x,gE(f, x) o&v) dS, . (4.16) 
r 
Then U satisfies I,[ Uj = 0 in G, (aUj&), = 0 since w0 satisfies Eq. (3.31, so U is 
constant on G and U f 0 by Lemma 2, since w0 f 0. Hence U(xr ,..., ~,-a , 0,Oj 
is constant. But from (4.16) and (2.2) 
where C is a constant depending only on n, p, and 4. Thus wg can be normalized 
so that 
s 
x~~,xnqr”w,(.~) dS, = 1. 
r 
Proof of the Corollary. Necessity comes from Green’s Theorem that for a 
solution, 
Sufficiency comes from the Fredholm Alternative as follows. Consider 
Then zi automatically satisfies conditions (1) and (2) of Corollary N.I. For zi to 
satisfy condition (3) of the corollary, the density function w must satisfy the 
integral equation 
-&J(x) + .c dS, = g(x). r 
From Lemma 2, the corresponding homogeneous equation has only one non- 
trivial soIution, and hence the homogeneous adjoint to (4.17) 
has only one nontrivial solution. Since 
i 
a@, Ej 3i*:-1’2”,p ,& dS, = 4 for [ belonging to rY 
r I 
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this solution is given by wO(x) = Cx,P-,x,q where C is an arbitrary constant. 
Hence 
0 = s, w,(x) g(x) dS, = s, x;-~x,~~(x) dS, 
is a necessary and sufficient condition that the function U is a solution of the 
interior Neumann problem. 
APPENDIX 
This appendix shows that various integral operators considered in the paper 
are weakly singular (Lemma A.l). The jump conditions for double layer poten- 
tials and single layer potentials are given in Theorems A.2 and A.3. The reader 
will recognize that hypergeometric functions are involved but that our estimates 
are more direct than those based on this fact. 
LEMMA A.1 (Lemma A.1 of [5]). Let GI be a bounded regular region in R9& 
with r = aG, n Q belongirzg to A$“. Then for p > 1 and q > 1 the kernels 
and 
R(x, [) szz X,ls”,“I:X,E:-l + E(x, E) 
cz 
are weakly singular. More speci$cally, given any compact set F of g, there exists a 
positive number C depending only on F, n, p and q such that 
for all x on r, [ in F([ # x) and where S is any number such that 0 < 6 < 01. 
LEMMA A.2 (Theorem A.2 of [5]). Let p be continuous ora I’ and satisfy the 
growth condition imposed on f at the beginning of Theorem D.E. Then the double 
layer potential 
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satisjes 
kin-$ w(t) = &(x0) + w(x”); ( E G, x0 E r 
and 
lilil w(S) = -&L(xO) + w(P); 5‘EGe, XOEr 
LEMMA A.3 (Theorem A.3 of [5]). Let w be continuous on r and satisfy the 
growth condition imposed on f at the beginning of Theorem D.E. The single layer 
potential 
satisjes 
(-g (xqi = - 4 w(x”) + (Z (xq)* 
and 
($(x0)) 
63 
= ; w(xO) + ($ (x0)) ,
0 
where 
P 1 av 64 i = $ [grad $41 - v. , 
cc E G, 
($-(x0)), = li+li[gradv(x)] *vO, XEG~, 
and 
Here v, is the exterior unit normal at x0 and all limits are taker along the normal 
direction ([ = x0 + tv,). 
LEMMA A.4 (Lemma 3.1 of [5]). The o&j solution of 
W(x) + 1 (f%,E,“) 45) & -+, f) d& = 0 
r 
belonging to L,(r) is the trivial solution. 
LEMMA A.5 (Lemma 4.4 of [5]). Strong maximum principle. For p > 0, 
q > 0 suppose 4 belongs to F(a) n (?(a - a& n Q and satisfies L[+J > 0 in Q. 
If 4 attains a relative maximum in Q or at a point of &2 - X2, n Q, then d, is 
identically constant in Q. 
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Remarks. (1) The restriction p > 0, 4 > 0 in Lemma A.5 is not superfluous 
as the example -(x$~x’,-“) shows. For related results for GASPT see Weinstein 
[I], Huber [14], and Parter 1161. 
(2) Of course, the above maximum principle yields uniqueness for solutions 
of Dirichlet problems for (1.1) which are sufficiently smooth on the closure of the 
region. For p > 1, 2 >, 1 an improvement of this result is contained in 
Theorem 5.1. 
LEMMA A.6 (Lemma 4.5 of [5]). Boundary point principle. Let p > 0, 
q > 0 and suppose allI n ,O belongs to A *. If 4 is a nonconstant function which 
attains a maximum at x0 on X?, n Q such that 
(1) (b E q-0) n cl(Q - aq n 81, 
(2) WI 2 0 in Q, 
then 
where v,, is the exterior normal at x0 and x is on the normal line at x0. 
LE~~~MA A.7 (Lemma 4.6 of [5]). U m ‘q ueness for exterior Neumann problem. 
If r belongs to ,4* andfor p > 0, q > 0 a function C$ satisjies 
(1) 4 E C2(Ge) n C1(G” - r) n Co(@), 
(2) L[+] = 0 in G”, 
(3) (a$/avj, = 0 0~2 T, 
(4) liml,l,+, $(x) = 0, x E G”, 
then 4(x) = 0 in G. 
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